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The osmotic coefficients of aqueous solutions of magnesium, calcium, manganese, and tris(1,10-phenanthro-

line)ruthenium(II) sulfates were measured at 25 °C by means of a vapor-pressure osmometer.

Then the ion-

association constants of these electrolytes were obtained as a function of the closest distance of approach of ions

from the measured osmotic coefficients as well as from the available conductivity and cryoscopy data.

The best

values of the closest distance of approach and the ion-association constant (given in Table 6) were estimated with the

help of theories of ion association.

The formation of triple-ions and quadrupoles and the hydration of ions are

also discussed in connection with the ion-association constant.

In a previous paper,)) we re-examined the Debye-
Huckel theory® of strong electrolyte solutions and
especially discussed ion association from the theoretical
point of view. It was shown that the observed devia-
tions from the Debye-Hiickel theory could be explained
without referring to ion association, but at the same
time it was reported that the concept of ion associa-
tion is a practical and useful convention to comple-
ment the Debye-Hickel theory. This convention can
be justified at least for symmetrical strong electrolytes,
irrespective of whether or not ion-pairs are actual
well-defined entities.

The existing data of jon-association constants are
not sufficient for comparison with our theoretical
expression of ion-association constants.’ Except in a
few cases,3-? the literature gives only one set of values
of the ion-association constant (K) and the closest
distance of approach of ions (a). However, the K
value to be obtained from the analysis of experimental
results must be influenced by the choice of the value
of 2.3-" The theoretical expression of the ion-associa-
tion constant also shows a dependence of K on g,
but in a different way. Thus, it is of interest to obtain
ion-association constants as a function of a and to
discuss what are the best values of the ion-association
constant and the closest distance of approach. As
will be described below, we measured the osmotic
coefficients of aqueous solutions of some 2 : 2 electro-
lytes by means of a vapor-pressure osmometer. As-
suming ideal Debye-Huckel behavior of the free ions,
the ion-association constants were obtained with several
values of @ from analyses with and without taking
triple-ion formation, quadrupole formation, and ion
hydration into account. Ion-association constants were
also obtained as functions of @ by the recalculation of
the available cryoscopy and conductivity data.36,8-13)
These results will be shown and discussed in connection
with the theories of ion association.!:14:15)

* Presented in part at the 24th Annual Meeting of the
Chemical Society of Japan, Osaka, April, 1971; published
in part in Chem. Lett., 1973, 337.

**  Present address: Department of Chemistry, Yoko-
hama City University, 4646 Mutsuura-cho, Kanazawa-ku,
Yokohama, 236,

Experimental

The osmotic coefficients of the electrolyte solutions were
measured by vapor-pressure osmometry (vpo). This method
has been described by many authors.'® Thus, a brief ex-
planation of the apparatus and the procedure will suffice.

A Hitachi Perkin-Elmer 115 molecular-weight apparatus
was used in the experiment. It has a cell surrounded by
double thermostats. The cell is equipped with two thermis-
tors covered with glass, on which liquids are dropped. The
thermistors are connected with a bridge circuit, which is
balanced when both thermistor tops are covered with a
solvent in equilibrium with its vapor. When the solvent on
one of the thermistors is replaced by a solution, the solvent
vapor condenses into the solution and liberates the heat of
condensation. The temperature of the solution increases
until an equilibrium is reached. The change in tempera-
ture is detected by the thermistor and shown as a change in
the electrical resistance, AR. The value of AR is dependent
on the concentration (molality), m, and the molal osmotic
coefficient, ¢, of the solute, and can be fitted to a power
series of the form:

AR = 5,(vm@) + s3(vm@)® + s53(vm@)® + 5,(vmg)* (1)

where » is the number of moles of ions formed from one
mole of the electrolyte (for nonelectrolyte, »=1) and where
$15 3, S5, and s, are the coefficients to be determined experi-
mentally. We used glucose as the standard material and
measured the values of AR on its aqueous solutions with
concentrations from 0.005 to 0.18molkg—%. Assuming
¢=1 for glucose in water at 25.0 °C, we obtained s,=4925,
53=-—998.7, 53=13050, and s,=—47920 by the method of
least-squares. The observed values of AR for various solu-
tions were put into Eq. (1), and the osmotic coefficients (¢)
were evaluated. We measured the osmotic coefficients (¢)
of sodium chloride and obtained the approximate expression:

1 — ¢ =0.2963m'/2 + 0.1036m — 1.306m>/2

The values of ¢ predicted by this equation at several con-
centrations up to 0.1 mol kg~ agreed with the values from
e.m.f. measurements!” within the range of experimental
error. This shows that the assumption of ¢=1 for glucose
solutions is adequate.

Materials. A reagent-grade glucose (anhydride) was
used as the standard material after having been dried at
about 80 °C and then kept over silica gel. A reagent-grade
sodium chloride was recrystallized by concentrating its
aqueous solution, and was then dried at about 600 °C. A
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TasLe 1. OSMOTIC COEFFICIENTS (¢ OF SOME 2 ! 2 ELECTROLYTES MEASURED WITII A VAPOR-PRESSURE
OSMOMETER AT 25.0 °C
MgSO, CaSO, MnSO, [Ru(phen);]SO,
ST TN N
m m @ m m

(mol kg—1) (mol kg™1) (mol kg?) (mol kg—1)
0.005036 0.800-+0.008 0.002990 0.816+0.012 0.008371 0.744+0.005 0.008542 0.829-0.005
0.01485 0.722-+0.004 0.004438 0.809-+0.009 0.01662 0.695=+0.003 0.01675 0.806=+0.003
0.02021 0.700+0.003 0.005943 0.7734-0.007 0.02549  0.664+0.003 0.02498 0.775=+0.003
0.02473  0.686-+0.003 0.007465 0.763-+0.006 0.03346 0.646-+0.003 0.03300 0.760+0.002
0.03050 0.672+0.002 0.008923 0.745+0.005 0.04187  0.6320.002 0.04079  0.7440.002
0.03464 0.664+0.002 0.01044 0.736=+0.004 0.05108 0.619+0.002 0.05040 0.727+0.002
0.03948 0.655+0.002 0.01187  0.721+0.004 0.05858  0.609:+0.002 0.05868 0.716=-0.002
0.04455  0.648-0.002 0.01334 0.729+0.004 0.06786  0.599--0.002 0.06763  0.705-+0.002
0.04961 0.638-+0.002 0.01491  0.709-+0.004 0.07549  0.594+0.002 0.07635 0.699=+0.002
0.05984 0.629+0.002 0.08432 0.584+0.002 0.08536 0.687+0.002
0.07903 0.610+0.002 0.1006 0.569:+0.002
0.09945 0.596-+0.002 0.1264 0.557--0.002
0.1490 0.5734-0.002

reagent-grade magnesium sulfate was recrystallized as the 1.0

hydrate, MgSO,-7H,O, from its aqueous solution below

48 °C and then air-dried at room temperature. Its com-

position was confirmed by gravimetric analyses of magnesium = 0.9

as magnesium pyrophosphate and of sulfate as barium sulfate. g

The calcium sulfate used was dihydrate of reagent grade. ig 0.8

The number of water of crystallization was confirmed by g -

the dehydration at about 700 °C and by the titration of the ©

calcium ion with ethylenediaminetetraacetic acid. A stock -5 0.7

solution of manganese sulfate was prepared by the use of a g :

recrystallized reagent-grade hydrate. Its concentration was 8

determined by gravimetric analysis of sulfate. Tris(1,10- < 0.6

phenanthroline)ruthenium(II) sulfate hydrate, [Ru(phen),]- .

SO,-7H,0, was prepared in a manner similar to that de- 3\"\'-\..~

scribed by Dwyer.’® The complex was synthesized by 0.50 1 0'05 L — 5 '10

adding sodium hypophosphite as a reducing agent to a
solution containing ruthenium chloride and 1,10-phenan-
throline; the iodide was obtained by precipitation from the
solution. Sulfate of this complex was prepared by the
double decomposition of the iodide and silver sulfate, and
was purified by repeated precipitations with acetone from
alcoholic solutions and by a final recrystallization from an
aqueous solution. It was dried over silica gel for a few days
until it reached a constant weight. The number of the
water of crystallization was determined to be seven—directly
by the Karl-Fischer method and by the spectrophotometric
analysis of HDO in a D,O solution of the salt,)® and in-
directly by the gravimetric analysis of sulfate.

Results and Discussion

The AR values were measured for some 2 : 2 electro-
lytes in aqueous solutions at 25.0:0.03 °C. The
osmotic coefficients (¢) were calculated from AR
with Eq. (1) and are shown in Table 1.*** The measured
¢ values are plotted against the molal concentration
of the solute, m, in Fig. 1 for MgSO, and in Fig. 2
for CaSO,, together with the results from cryosocopic
measurements.®8 These figures also give the ¢ uvs.

**%* The values of ¢ obtained for MgSO, and MnSO,
around 0.1 molkg—* are, respectively, 1.6% and 3.0%
smaller than those obtained by Robinson and Jones,?® who
made isopiestic vapor-pressure measurements.

m (mol kg—1)

Fig. 1. Osmotic coefficients of MgSO, solutions.
@, present work at 25.0°C (vpo). A, Brown and
Prue® at 0°C (cryoscopy). [, Isono® at 0°C
(cryoscopy). Curves 1 (—-—), 2 (----), and 3
(—-+—) are theoretical curves due to the Debye-
Hiickel theory with ¢=6.0, 4.0, and 3.0 A, respec-
tively. Curve 4 ( ) is calculated with the K and
K; values in Table 2 (25.0 °C); each set of the K
and K; values gives the essentially same curve.

m curves predicted by the Debye-Hickel theory?
with a few values assumed for the closest distance of
approach of ions, a. None of-the theoretical curves
fits the experimental results. For any reasonable
value of @, the experimental ¢ values are lower than
the values predicted by the Debye-Hickel theory.
A decrease in ¢ is usually considered to result from jon
association.3-%) According to this usual convention,
we shall assume an ion-association equilibrium and
shall estimate the ion-association constants on the
basis of an analysis of the experimental ¢ values.

The ion-association equilibrium for a symmetrical
electrolyte is expressed by:

M 4+ A —= MA

2

concentration m(l—o) m(l—a) ma
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Fig. 2. Osmotic coefficients of CaSO, solutions.

@, present work at 25.0°C (vpo). A, Brown and
Prue® at 0°C (cryoscopy). Curves 1 (—-—), 2
(—++—), and 3 (----) are theoretical curves due
to the Debye-Hiickel theory with @=6.0, 3.0,
and 1.0 A, respectively. Curve 4 ( ) is calculated
with the K and K; values in Table 2 (25.0 °C); each
set of the K and K; values gives the essentially same
curve.

where m denotes the molality of the electrolyte and
where « is the degree of association defined by:

[MA]
= —
m

The brackets indicate the concentration of a given
species. The ions, M and A, having the z;e and z.e
charges respectively (zy=—2z,=2>0), are usually
considered as free ions in the sense that the Debye-
Hickel theory can be applied to them. On the other
hand, the ion-pair, MA, is presumed to behave like
a non-electrolyte in dilute solutions. Therefore, the
¢ of an electrolyte solution is related to « as follows:

¢ = (1—)¢pm + 0}

or (3)

_ $ou—9
$on—0.5

where ¢,; is the molal osmotic coefficient expected
by the Debye-Hiickel theory and is given by:

¢DH=1—

o

z2ks
6

with the definition of the function ¢(x):

1

o (ka) “4)

In Eq. (4), a is the closest distance of approach of
ions, and s is a parameter equal to e?/ek T, whose value
is 7.157 At in water at 25.0 °C with the dielectric
constant (¢) of 78.30;. The parameter £ is the so-
called “‘reciprocal thickness of the ionic atomsphere”
and is defined by:

2= ——2z%m(l—a) (5)

where N is the Avogadro number and where m(1 —«)
represents the concentration of the free ion on the

T 1A=101m
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molality scale. The molality can be used in place of
the molar concentration, since the difference between
the two values is less than the experimental error in
dilute solutions up to about 0.1 mol kg1,

The values of «, #, and ¢,; were calculated by
successive approximations in the following way. The
value of & was calculated by using Eq. (5), with «=0
provisionally. The value of ¢,; was evaluated with
Eq. (4), and then the value of «, with Eq. (3). This
value of « was in turn put into Eq. (5) in order to
recalculate the value of #. With this & value, the
values of ¢,; and « were recalculated in the same
way as before. After several cycles of the successive
approximation, the parameter values were fixed. The
final value of « was used for the calculation of the
ion-association constant, K, with the expression:

o
K (1—a)*myuys
where y, and y, are the activity coefficients of the
free ions, M and A respectively, and are given by:

2%ks
= 1 —_— —
In yy N ya 2(1+ xa) 6
The activity coefficient of the MA ion-pair was regarded

as unity.

The ion-association constants of some 2 : 2 electro-
lytes were calculated with several a values assumed.
The results for MgSO,, CaSO,, MnSO,, and [Ru-
(phen);]SO, are shown in Figs. 3 to 6 respectively.
Apparent linear relationships were observed between
log K and m up to about 0.05 mol kg-1; extrapolation
to m=0 gave different log K values, depending on
the a values.

In each figure for MgSO,, CaSO,, and MnSO,,
there seems to be a specific a value at which the log K
value is apparently independent of the concentra-
tion, i.e., a=4.2 A for MgSO,, about 4 A for CaSO,,
and 3.8A for MnSO, However, such a situation
may be incidental, since the log K values for MgSO,
and MnSO, are no longer constant at concentrations
higher than 0.06 mol kg='. The concentration de-

B 8
2.5 o 8 2
odff o 3
Q'o".. o B i

log K

1 1 1 1 1 1 1 1 1 ]
0 0.05 0.10
m (mol kg—1)
Fig. 3. log K values of MgSO,. The assumed a values
are 14.3A (0), 8.0A (@), 6.0A (2), 5.0A (a),
4,2A (O), and 4.0A ().
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Fig. 6. log K values of [Ru(phen);]SO,. The assumed
a values are 14.3 A (O), 11.0A (A), and 9.0 A ((0J).
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pendence of the ion-association constant may be at-
tributed to the effects of other ion-ion interactions
and ion hydration disregarded in the analysis. Below,
we shall take the triple-ion formation into considera-
tion in order to obtain better ion-association constants.

Triple-Ion Formation. When an ion approaches
an ion-pair, the electrostatic interaction between the
charge and the dipole will cause the formation of a
so-called “triple-ion.” There are two possible equi-
libria for the formation of a triple-ion:

MA + M — M,A
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MA + A == MA,
Assuming an equal formation constant for the M,A

and MA, triple-ions, one can express the concentra-
tion of each species as follows:

M] = [A] = m[1—-a(1+35)]

[MA] = ma

[M,A] = [MA;] = maf
where B is the parameter defined by:

B = [MA] _ [MA,]
Thus, the formation constant for the triple-ions, K,
is expressed by:
— -[MZA]YMzA — [MAZ]VMAz — ﬂ (7)

[MA]M]yx  [MA][Alya [1—a(1+38)]m

where pu,a and yua, are the activity coefficients of
M,A and MA, and are assumed to be equal to y,
and y, respectively.

With the above assumptions, the osmotic coefficient
of the electrolyte can be expressed by:

K,

¢ = [1—a(1+28)Ipon + % @)
where

o = 1 22ks
pa=1—

o (ka) 9

Eq. (9) is apparently the same as Eq. (4), but here
the parameter « is given by:

£ = %(—)]Y)—zgsm[l—ac(l+2ﬂ)] (10)

Assuming the value of K, for a given a value and
using Egs. (7) to (10), the values of «, §, ¥ and ¢ 4
were calculated by successive approximations. With
the « and 8 values thus obtained, the ion-association
constant, K, was calculated according to the expression:

o
T [1—a(1438)>myuya

The value of K was thus obtained at each concentra-
tion, and then the K values were averaged. The
osmotic coefficient was calculated for each concentra-
tion with the averaged value of K and used for the
calculation of the standard deviation, ¢4, defined by:

K

é (¢calcd X 2 ¢obsd.i)2
n—2

Oy =

where 7 is the total number of points of the run and
where ¢, and ¢.,,., are the observed and calculated
osmotic coefficients respectively. The ¢4 value was
obtained as a function of K, for a given a value. The
K, value giving the minimum value of ¢4 was regarded
as the best value of K.

The K value was calculated at each concentration
with the K, value obtained above and was plotted
against m. Fig. 7 shows the results for magnesium
sulfate, assuming a few a values. For each value of
a, the log K value shows a very good constancy up
to about 0.1 mol kg-1. In the same figure, the cor-
responding previous plots are reproduced from Fig. 3
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Fig. 7 Constant log K values of MgSO, obtained with
the assumption of appropriate K, values. (See the
columm %=0 of Table 2.) a=14.3A (O), 8.0A
(@), 6.0A (»), and 5.0A (a).
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Fig. 8. Constant log K values of CaSO, with the
assumption of appropriate K, values. (See the column
k=0 of Table 2.) a=14.3A (O) and 6.0A (A).
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Fig. 9. Constant log K values of MnSO,; with the
assumption of appropriate K; values. (See the columm
k=0 of Table 2.) a=14.3A (O), 8.0A (@), 6.0
A (a), 5.0A (A), and 4.0A ().
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Fig. 10. Constant log K values of [Ru(phen);]SO, with
the assumption of appropriate K; values. (See the
columm %~=0 of Table 2.) a=14.3A (O), 11.0A
(A), and 9.0A (O).

in broken lines. The constant value of log K obtained
here for each of the given a values is in fairly good
agreement with the value obtained by extrapolation
to m==0 in the previous plot. This shows that a good
enough estimation of the ion-association constant K
can be made without taking the triple-ion formation
into account. The same discussion also applies to
Figs. 8 to 10 for the other electrolytes.

Hydration. The ion hydration causes a decrease
in the concentration of the water as solvent. This
decrease is equal to Am, where h represents the hydra-
tion parameter given by:

_ Fr[M] + ko [A]+ A a [MA] + Aiag, a [MoA] + s o[MA,]
m

= (ha+ha) [1— (14 38)]+ huso+ (hapa + hus,)of - (11)
where hy, h,, hy,, ks, and Aua, are the hydration
numbers of the M, A, MA, M,A, and MA, species
respectively. If the ion hydration is allowed for, the
molality of the solute, m’, can be expressed by:
o 5551 m

T 55.51—hm " 1—0.0180km

and the expression for the osmotic coefficient ¢ becomes:

1 o

where ¢p,; is given by Eq. (9). The ion-association
constant, K, and the triple-ion formation constant,
K,, are expressed by:

h

o

K= 1 38 o 7

and

-k
[I—a(1+35)1m

If the value of the parameter % is given, the K and
K, values can be calculated by the procedure described
before. Since it is difficult to estimate the hydration
numbers, hua, Amoa, and Amas, involved in the para-
meter 42 [Eq. (11)], for convenience we shall consider
two extreme cases in order to learn how far the ion
hydration affects the estimation of the K and K, values.

Case (A): The hydration numbers of the ion-pair
and the triple-ions are simply equal to the sums of
the hydration numbers of the constituent ions.

hya = by 4+ by =y
hytoa = 2hy + By (12)
by, = hy + 2y
where the parameter %, can be determined by the
measurement of the hydration number in very dilute

solutions. By using Eq. (12), the parameter £ in
Eq. (11) is expressed by:

b= h,

Case (B): The hydration number of the ion-pair
is equal to zero and the sum of the hydration numbers
of the MyA and MA, triple-ions is equal to /hy+£h,:

hya =0
byroa + hus, = b + by =Ry

Thus, the expression for £ becomes:

K,
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h = h[1—a(14+28)]
Tentatively taking A,=15,1t the ion-association con-
stants were calculated for the two cases, (A) and (B).
The case of MgSO, with a=6.0 A will be taken as
an example. The K, values giving the minimum
values of ¢4 are 3.1 and 2.7 mol-1 kg for (A) and (B)
respectively. These K, values are slightly greater
than the value, 2.2 mol- kg, which was obtained by
disregarding the ion hydration. However, the K
values remained unchanged at 1215 mol-'kg. The
log K value for MgSO, with a=6.0 A is plotted against
m in Fig. 11, where the overlapping solid marks of
different kinds show the unchanged K values. The
log K values obtained by disregarding the triple-ion
formation (K,=0) are also plotted in Fig. 11. In
each case, an apparent linear relationship is observed
between log K and m up to about 0.05 mol kg~*. The
slopes are different from one another, indicating dif-
ferent K, values. However, extrapolations of the

) A v
2.5 A v o
% T 5% b4 °
R Y o
R
._.—-.'—.-
2.0
1 1 1 1 1 1 1 1 1 i
0 0.05 0.10
m (mol kg—1)

Fig. 11. log K values for MgSO, with a=6 A allowing
for hydration of ions.
O and @: k=0, reproduced from Figs. 3 and 7,
respectively. A and A: k=15, case (A). V and
V: k=15, case (B). K,=0 (O, A, V), 2.2 (@),
3.1 (A), and 2.7 (V¥) mol-1kg were assumed.
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lines to m=0 give the same intercept, showing the
same log K value.

The consideration of the triple-ion formation and
the ion hydration resulted in no appreciable change
in the ion-association constant K from that obtained
by the extrapolation of the log K vs. m plots in Figs. 3
to 6, where the triple-ion formation and the ion hydra-
tion were ignored. When the triple-ion formation and
the ion hydration were allowed for, the value of K
was practically constant up to about 0.1 mol kg-1.
On the other hand, the value of K, was slightly depen-
dent on the estimation of the hydration numbers of the
ions. Table 2 gives the K values for a variety of a
values, together with the K, values. Each set of
the values of a, K, and K, can reproduce the observed
osmotic coefficients within the range of experimental
error. This is shown in Figs. 1 and 2. In each of
the figures, the best-fitting curves for different a values
coalesce into a curve (the solid line).

Fuoss and Kraus?® have proposed a theory of the
triple-ion formation. Their theory predicts K, values
of 2.6 mol-lkg at a=8.2A and 3.3 mollkg at a=
5.7A for 2:2 electrolytes in aqueous solutions at
25 °C. These are close to the values obtained in the
present work (Table 2).

Gardner and Glueckauf® have obtained K and K,
values for some 2 :2 electrolytes by a reanalysis of
the cryoscopic data given by Brown an Prue.® The
manner of the analysis of the data was different from
that described in the present paper. We also re-
analyzed the same and other cryoscopic data®® for
MgSO, and CaSO, in the manner followed in the
analysis of the vpo data. The results are shown in
Table 3. For a=9.25A, Gardner and Glueckauf
obtained K,=2.6 mol-'kg and K=158 mol-'kg for
MgSO, and K,=2.7mol'kg and K=234mol!kg
for CaSO,. Their result for CaSO, is appreciably
different from that given in Table 3, whereas for MgSO,
the results are close to each other and also to the result
of our vpo experiment (25 °C).

TaBLE 2. K AnD K, VALUES OF SOME 2 : 2 ELECTROLYTES DETERMINED BY THE VAPOR-PRESSURE
OSMOMETRIG MEASUREMENTS AT 25.0°C

MgSO, CaSO, MnSO, [Ru(phen);]SO,
a K K, K K, K K, K K,
A (mol—* kg) (mol-! kg) (mol-! kg) (mol-*kg) (mol—* kg) (mol-1 kg) (mol-1 kg) (mol-! kg)
(A) | (mol7ke) |l °

h=0 hy=15 h=0 k=15 k=0 hy=15 h=0 k=15

(B) (A)» ®) &) ®) &) B) (&)

4.0 72+8 0 0.7 0.9 118+27 © 0 0 136+8 0.7 1.2 1.5
5.0 1003 1.5 2.1 2.4 135+25 1.4 1.8 2.1 159+5 1.9 2.3 2.7
6.0 121+5 2.2 2.7 3.1 147+24 2.8 3.3 3.5 178x4 2.5 3.0 3.5
7.0 1374+6 2.5 3.0 3.5 159+24 3.6 4.0 4.3 1924 2.9 3.4 4.0
8.0 150+7 2.6 3.1 3.7 169+24 4.0 4.4 4.7 2045 3.1 3.6 4.3 7+2 20 20 21
10.0 169+7 2.7 3.1 3.9 188+24 4.2 4.6 5.0 22245 3.4 3.8 4.6 28+3 5.1 5.9 6.5
12.0 183+6 2.6 3.1 3.9 204+24 4.1 4.4 4.8 2356 3.4 3.9 4.8 42+3 3.2 3.7 4.3
14.3» 19446 2.5 2.9 3.8 219424 3.6 3.9 4.3 246x8 3.4 3.8 4.8 53+4 2.2 2.6 3.1

a) See the text (p. 2712). b) The critical distance of ion association at 25 °C in Bjerrum’s theory.l®

1+ The literature gives various values of the hydration

number of the electrolyte.?) The average value of k, for

MgSQ, is probably about 15.
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TaBLeE 3. K anp K; VALUES DETERMINED BY THE REANALYSIS OF THE CRYOSCOPIC DATA
vp o 0.1 mol kg-1 at 0°C
MgSO, (Brown and Prue®) MgSO, (Isono®) CaSO, (Brown and Prue®)
———
a K K, K K, K K,
A) (mol~! kg) (mol-1 kg) (mol-! kg) (mol-! kg) (mol-! kg) (mol-* kg)
— T ——T
h=0 hy=15 h=0 hy=15 h=0 hy=15
®= (A ® A ® A
4.0 87+15 0 0.6 0.8 81+20 0 0.2 0.5 159+15 2.1 2.5 2.8
5.0 114+10 1.1 1.6 1.9 10118 1.0 1.5 1.8 171+15 3.7 4.3 4.4
6.0 134+8 1.6 2.0 2.4 117418 1.7 2.1 2.5 181+14 4.9 5.3 5.6
7.0 149-+8 1.8 2.2 2.7 130+-18 2.0 2.4 2.8 191+-14 5.5 5.9 6.2
8.0 161+-8 1.9 2.3 2.9 141419 2.1 2.5 3.0 200414 6.0 6.4 6.7
10.0 179+-9 1.9 2.3 3.0 160+19 2.1 2.5 3.1 217+14 6.2 6.6 7.0
12.0 192+-10 1.9 2.2 3.0 174+19 2.0 2.3 3.0 231414 6.1 6.5 6.9
13,92 201=+=11 1. 2.1 3.0 18419 1.8 2.2 2.8 243+14 5.9 6.2 6.6

a) See the text (p. 2712).

Quadrupole Formation. In the preceding sections,
the triple-ion formation constant, K,, was estimated
disregarding the quadrupole formation. We shall
now discuss how the correction for quadrupole forma-
tion will affect the values of K and K, to be obtained.

The equilibrium for the formation of a quadrupole
(MA), is expressed by:

MA + MA = (MA),

The formation constant, K, is given by:

K, = WM& _ 5
4 [MA]2 ma
where 6 is the parameter defined by:
5= [(MA),]
[MA]

Then, the osmotic coefficient becomes:
¢ = 1 «(1+6)
~ 1-0.0180im 2 }

The experimental data are not good enough to estimate
the values of K, and K, at the same time. Thus,
some relation between K, and K, values has to be
assumed if one is to estimate them by the analysis of
the experimental data.

Defining K’ as:
L IMA)] _ [(MA))

[MA][Al x84 [MA;][M]7xa. u

one obtains the relation:
K, X

K K

K’ is the ion-association constant of a kind of 2 :2
electrolyte and can be approximated by K. Then,
K /K, will have a value near unity. Assuming K =
K,, we obtained the K,, K, and K values for MgSO,
shown in Table 4. The ion-association constants
(K) given here are slightly greater than the correspond-
ing values shown in Table 2, but the change is within
the range of experimental error except when large
a values are assumed. The K, values are appreciably
smaller than those shown in Table 2. Thus, it was
found that a correction for the quadrupole formation

{[1—«(1+2ﬁ+25)]¢nn+

K/

Sfrom Conductivity Experiments.

b) The critical distance of ion association at 0 °C in Bjerrum’s theory.!®

TasrE 4. K anp K, varves oF MgSO, OBTAINED
WITH THE ASSUMPTION OF K =K; at 25.0°C (vpo)

K, (=K3)
a K (mol-! kg)
A (mol~! kg) _ _
@ h=0 (Bh‘b"w(A )
4.0 7249 0 0.6 0.8
5.0 102+3 1.2 1.6 1.9
6.0 126+6 1.5 1.8 2.1
7.0 144+-8 1.5 1.8 2.1
8.0 159+9 1.4 1.7 2.1
10.0 1824-10 1.3 1.5 1.8
12.0 197410 1.1 1.3 1.6
14.3 2104-9 1.0 1.1 1.5

a) h=ho[l—oa(l+28+426)]; the assumption for the
hydration number of the quadrupole is similar to that
described in the paragraph following case (B) on p.
2712. b) h=h,; a similar assumption to that described
in the paragraph following case (A) on p. 2712.

would make the K, values smaller than the values
shown in Table 2, but would affect the K values very
little.

Comparison with the Ion-Association Constants Obtained
The electric con-
ductivity was mesaured for MgSO, solutions by
Dunsmore and James® and Katayama,” for CaSO,
solutions by Inada et al.,'9 and for MnSO, solutions
by Hallada and Atkinson!V and Petrucci et all?
Although no conductivity measurements were made
of [Ru(phen);]SO, solutions, the electric conductivi-
ties of [Fe(phen);]SO, solutions were measured by
Kubota and Yokoi.!® They analyzed the conducti-
vity data in order to obtain the values of the ion-
association constant and the closest distance of ap-
proach. However, these results have to be revised
before they can be compared with the results from
vpo, since different authors used different theoretical
equations for the analysis of the conductivity data.

For the reanalysis of the conductivity data, we used
Fuoss-Hsia’s equation?® expanded by Fernandez-
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Prini.2» This equation gives the equivalent conducti-
vity, 4, for an association system as follows:

——A—a = Ay — S[e(1—a)]/2 + Ec(1—a) log [c(1—a)]

1—

+ Jie(l—a) = Jole(1—a)]*/2 (13)
where A, is the limiting equivalent conductivity, ¢
is the concentration of the solute on the molar scale,

and « is the degree of association. The latter is related
to K by:
_ o

(I=a)%cyuya
The parameters, J;, and J, as well as the activity
coefficients, y, and y,, of the free ions, M and A,
are functions of the closest distance of approach of
ions, a. Since measurements of the conductivity are
usually made at concentrations well below 10-2 mol 1-1,
¢, yw» and y, on the molar concentration scale can
be approximated by m, y,, and y, [Eq. (6)] on the
molality scale respectively; the other interactions,
such as triple-ion formation, described in the previous
sections can be ignored.

With a given value of ¢ and a roughly estimated

value of A,, K was calculated for each concentration
by means of Egs. (13) and (14). With the averaged

K (14)
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K value, the electric conductivity at each concentra-
tion was calculated and then used to calculate the
standard deviation, as defined by:

n
_21 (Acalcd S -Aobsd ,i) 2
i=

o4 =
n—2

where 7 is the total number of points of the run and
where 4,,,, and 4, , are, respectively, the observed
and the calculated electric conductivity at each con-
centration. The averaged K value depended on the
assumed A, value. The best-fitting values of K and
A, for a given a value were determined by the minimiza-
tion of the standard deviation, ¢4, and are listed in
Table 5 as a function of a for each of the electrolytes.
The log K values given in Table 5 show a tendency
similar to that observed in Table 2 (results from vpo),
and each of the K values has a magnitude similar
to the corresponding one in Table 2.

Critical Discussion of the Minimum Standard Deviation
as the Criterion of the Best Values. As a criterion of
the best values, we used the minimum standard devia-
tions of ¢ and A respectively for the determination of
K and K, from the vapor pressure osmometric measure-
ments and for the determination of K and 4, from the
conductivity data. The rather sharp minima shown

TasLe 5. K aAnp /A, VALUES OF SOME 2 : 2 ELECTROLYTES DETERMINED BY THE REANALYSIS
OF THE CONDUCTIVITY DATA AT 25.0 °C wirH Fuoss-Hsia’s EQUATION?3:24)

MgSO,» MgSO,» CaS0,*

a (Dunsmore and James®) (Katayama®) (Inada et all®)

&) K : K ) K )
(mol~11) (2 cm? mol-?) (mol—11) (21 cm? mol-1) (mol—11) (2! cm?® mol—?)
3.0 595 132.43 23112 131.25 62+13 139.39
4.0 83+4 132.63 63+10 132.05 86412 139.54
5.0 1033 132.77 92+-6 132.50 105-+12 139.66
6.0 119:+3 132.88 115+4 132.82 121412 139.75
7.0 13342 132.96 133+3 133.02 135+12 139.82
8.0 146+2 133.02 148+4-2 133.15 147+12 139.86
10.0 167+2 133.10 1692 133.25 16712 139.93
12.0 183+2 133.11 182+3 133.15 184+12 139.95
14.3 1974-2 133.08 18846 132.86 198+12 139.92
MnSO,@ MnSO,® [Fe(phen);]SO,

a (Hallada and Atkinson?) (Petrucci et al.?) (Kubota and Yokoi!®)

(A) K X K . K A,
(mol-11) (27 cm? mol-1) (mol—11) (27! cm? mol—?) (mol-11) (2! cm? mol-1)

3.0 5010 131.88 69+10 132.23

4.0 9046 132.50 106+6 132.84

5.0 11945 132.92 13444 133.26

6.0 142+5 133.21 155+2 133.55

7.0 1606 133.40 17342 133.75

8.0 175+7 133.53 188+2 133.89
10.0 197+7 133.62 21042 134.00 19+5 114.40
12.0 21046 133.54 2244-2 133.94 34+5 114.39
14.3 21646 133.28 232:+3 133.70 4645 114.29

a) The calculations were made by the use of eleven data at the concentrations from 0.1634X 102 up to 0.8846

X 10-3 mol 1-1,

3.141) X 103 mol 12,

b) 10 data, (0.2—3.0) X 102 mol 1-1,

c) 10 data, (0.1—1.0)X 103 mol1-1. d) 9 data, (0.2013—

e) 5 data, (0.2758—2.235)x 10~3mol1-%. f) 17 data, (0.1745—1.662) X 10-3 mol I-2.
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by the standard deviations, ¢4 and ¢4, for each given
a value made the determination of the best parameter
values possible. In most conductivity studies, however,
where the minimization of ¢4 has been used for the
simultaneous determination of the values of three
parameters, K, A,, and a, the minimum standard devia-
tion is not necessarily a good criterion of the best para-
meter values. The minimum values of ¢4 and g4 we
obtained for each fixed value of a are plotted against
a in Figs. 12 and 13 respectively. In the latter, the

g —— 4
P o ————
.g L. P 2
< 0.005F
e

5 - 5
o \_ e — 7
<} L N~ e e

5 S 3
- /./' — NN\ \'1
© N 6

ob— 0 by oy
5 10 15
a ()

Fig. 12. The standard deviation ¢, as a function of a.
1, 2, and 3: MgSO,. 4 and 5: CaSO,. 6: MnSO,.
7: [Ru(phen);]SO,. 1, 4, 6, and 7 are concerned
with the vpo data, whereas the others with the
cryoscopic data due to Isono® (2) and Brown and
Prue® (3 and 5).

L
)

o4 (2~ cm® mol-1)
e

a (A)

Fig. 13. The standard deviation ¢, as a function of
a obtained from reanalysis of conductivity data.
1, 2, and 3: MgSO, (Dunsmore and James®). 4:
MgSO, (Katayama®). 5: CaSO, (Inada et al®).
6: MnSO, (Hallada and Atkinson'?’). 7: MnSO,
(Petrucci et al.'?). 8: [Fe(phen);]SO, (Kubota and
Yokoi'®), Fuoss-Hsia’s equation?®?? was used for
the analysis of data, except for the cases of 2 and 3
where Fuoss-Onsager’s® and Pitts’s equation?® were
used, respectively.
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results obtained for MgSO, by the use of Fuoss-
Onsager’s equation? and Pitt’s equation?®) are also
shown for comparison. In Fig. 13, some of the curves
have two minima, while others have a shallow mini-
mum. The a value giving the minimum ¢4 depends
not only on the experimental data, but also on the
theoretical equations used for the analysis of the data.
These facts imply that the minimum standard devia-
tion cannot be a good basis for the determination of
the best a value. Figure 12 gives hardly a clue for
determining the best a value from the vpo data. Re-
garding the conductivity method, a similar discussion
has also been made in detail by Hanna et al.”,2" Thus,
we shall try to estimate the best @ and K values with
the help of theories of ion association.l:14:15)
Estimation of the Best Values with the Help of Theories
of Ion Association. In a previous paper,) we
made a refinement of the Debye-Hiickel theory? on
the basis of the purely electrostatic model and intro-
duced a correction term into the Debye-Hiickel expres-
sion for the chemical potential of a dissolved electrolyte.
By connecting the correction term with the conven-
tional concept of ion association, we derived the fol-
lowing expression for the ion-association constant:

K= 8nNa3 oo b2n+2
1000 S (2742)!(2n—1)
where b is' Bjerrum’s parameter as defined by

b=2%¢*/ekTa. This equation gives the K value as a
function of a. Since this theoretical K value decreases
monotonously with the increase in a, and since the
experimental K value increases with the increase in
the assumed value of a, only one choice of a set of a
and K values can satisfy both theory and experiment.
Such sets of a and K values are given in Table 6. Each
of the listed a values is somewhat greater than the
sum of the crystallographic radii of the cation and the
anion, ry+r7,,t and is plausible if hydration of the
ions is taken into consideration. This can be taken
as evidence for the validity of the theory.

1t The values of ry-+r, given in Table 6 were estimated
as follows. The crystallographic data of CaSQ,-2H,O and
K,S0,%® were used for the estimation of the radius, r,, of
the sulfate ion. Pauling’s radius?® of each cation was sub-
tracted from the distance between the metal ion and the
nearest oxygen atom of the neighboring sulfate ion; the
difference, 1.33 A, was obtained as the radius of the oxygen
atom belonging to a sulfate ion. This oxygen radius was
added to the bond length between the sulfur and the oxygen
atom of a sulfate ion, 1.5,A,%8:39 to obtain 2.8, A as the
value of r, for the sulfate ion. Pauling’s radii®® were used
as the ry values for magnesium, calcium, and manganese
ions. For [Fe(phen)s]**, the data of X-ray diffraction3?
are available. They give 6.1; A as the distance from the
central iron atom to the most distant hydrogen atom of the
coordinated 1,10-phenanthroline ligand. The ry value of
[Fe(phen);]** was estimated as the sum of this distance,
6.1, A, and the effective radius of the hydrogen atom, 0.9; A,
as estimated from the interatomic distance between the
hydrogen atom of the ligand and the nearest oxygen atom
of a tartratoantimonate ion given in the literature.?? The
ry value for [Ru(phen);]%t was assumed to be equal to that
for the iron-complex ion.
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TaBLE 6. THE BEST VALUES OF ¢ AND K OBTAINED WITH THE HELP OF THE THEORETICAL
EXPRESSION!) FOR THE ION-ASSOCIATION CONSTANT (25 °C)

From vpo From conductivity (recalcd)
M+ Ta
Electrolyte (A) 4 K z K data
A) (mol-! kg) A) (mol—11)
MgSO, 3.5, 5.4 110 5.4, 111 8
5.5 106 9
CaSO, 3.8; 49, 134 5.4, 112 0
MnSO, 3.6, 4.6, 151 5.1, 123 w
4.9 132 12
[Ru(phen);]SO, 10.0 11.5, 40
[Fe(phen)4]SO, 10.0 12.3, 36 13)
Fuoss’s theory'® of ion association could be used  References

in place of our theory. In that case, the results for
MgSO,, CaSO,, and MnSO, are similar to those given
in Table 6, but no value of a would simultaneously
satisfy the theory and the experiment for [Ru(phen),]-
S0, and [Fe(phen);]SO,. This disagreement between
theory and experiment may substantiate our previous
criticism? of Fuoss’s theory of ion association.

Bjerrum’s theory'® could also be used to determine
the values of the ion-association constant and the
closest distance of approach of ions, but in a manner
different from the above. Since his theory regards a
cation and an anion within the critical distance ¢
(=2%?/2¢kT) of each other as forming an ion-pair, the
substitution of ¢ for & in the Debye-Hiickel expression
[Egs. (4) and (9)] should give a K value consistent
with Bjerrum’s theory. Such K values are given at
the bottoms of Tables 2 to 5, where the values of ¢
(14.3 A at 25°C and 13.9 A at 0°C) are substituted
for a. In Bjerrum’s theory, the parameter a charac-
teristic of each electrolyte is the closest distance of
approach of the cation and the anion of an ion-pair,
and the value can be calculated by the use of a rela-
tion between K and a. The values of a thus obtained
from the vpo experimental results are 4.6, A for MgSO,,
4.3, A for CaSO,, 4.1; A for MnSO,, and 9.9, A for
[Ru(phen)4]SO,. These a values are smaller than
those given in Table 6. Especially, the value, 9.9, A,
for [Ru(phen);]SO, is very close to the sum of the
crystallographic radii of the cation and the anion,
10.0 A. This could be taken as an indication of there
being no appreciable hydration. However, in view
of the fact that the salt is highly soluble in water and
crystallizes as a hydrate with more than seven mole-
cules of water, there seem to be water molecules inter-
vening between the ions in aqueous solutions; thus,
the a value of 9.9, A is possibly too small. This may
be caused by the unreasonable characteristic of Bjer-
rum’s theory that the theoretical ion-association con-
stants decrease rapidly to zero as the value of a ap-
proaches the critical distance, 14.3 A.
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